To S.P. Novikov with admiration.
A number of invariants of singularities have equivariant versions for singularities invariant with respect to an action of a finite group G. For example, in [7] , an equivariant version of the Milnor number of a G-invariant function germ is an element of the ring of virtual representations of the group G. However, one can say that it is not clear what should be considered as the equivariant version of the classical monodromy zeta function of a singularity.
Here we offer a candidate for this role. Main two ingredients of the definition are equivariant Lefschetz numbers (defined, e.g., in [6] , [3] ) and the λ-structure on the Grothendieck ring K 0 (f.G-s.) of finite G-sets (also called Burnside ring, see [5] ) which is connected with the power structure over the Grothendieck ring of complex quasi-projective varieties discussed in [4] .
Moreover, we consider the equivariant Milnor number of a singularity of a G-invariant function germ as an element of the Grothendieck ring of finite G-sets. This notion reduces to the one considered in [7] under the natural homomorphism from K 0 (f.G-s.) to the ring R(G) of virtual representations of the group G, but in some cases is a certain refinement of that one.
The classical monodromy zeta function ζ f (t) of the germ of a function f on a variety is a rational function in a variable t or a power series in t (with integer coefficients). The equivariant version ζ G f (t) offered here is a power series in one variable t with coefficients from the tensor product K 0 (f.G-s.)⊗Q of the Grothendieck ring of finite G-sets with the field Q of rational numbers.
We write down an A'Campo type formula for the equivariant zeta function ζ G f (t).
The Grothendieck ring of finite G-sets
A finite G-set is a finite set with an action of a finite group G. An isomorphism between two G sets is a one-to-one correspondence from one to the other which respects the G-action. Isomorphism classes of irreducible G-sets, also called simple or transitive, (i.e. those which consist of exactly one orbit) are in one-to-one correspondence with the set consub(G) of conjugacy classes of subgroups of G, see [5] .
The Grothendieck ring of finite G-sets is the group generated by isomorphism classes of finite G-sets with the relation [A B] = [A] + [B] for finite G-sets A and B and with the multiplication defined by the cartesian product. As an abelian group K 0 (f.G-s.) is freely generated by isomorphism classes of irreducible G-sets and, therefore, an element of K 0 (f.G-s.) can be written as
, where H is a representative of the conjugacy class h, k h ∈ Z.
The Grothendieck ring K 0 (f.G-s.) has a natural λ-structure defined by the series
where S k X = X k /S k is the k-th symmetric power of the G-set X with the natural G-action. (This λ-structure induces a power structure over the Grothendieck ring K 0 (f.G-s.) connected with the power structure over the Grothendieck ring K 0 (V C ) of quasi-projective algebraic varieties introduced in [4] ).
Examples.
1. Let G be the cyclic group Z 6 of order 6. There are four conjugacy classes of subgroups of Z 6 : (e), Z 2 , Z 3 , and Z 6 . One has:
2. Let G be the group S 3 of permutations on three elements. There are four conjugacy classes of subgroups of G: (e), Z 2 , Z 3 , and S 3 (the class Z 2 consists of three subgroups). One has:
There is a natural homomorphism from the Grothendieck ring K 0 (f.G-s.) to the ring R(G) of virtual representations of the group G which sends the 
An equivariant Euler characteristic of a Gvariety
Let the group G act on a variety X. There exists a representation of X as a finite cell complex such that the action of an element g ∈ G respects the cell decomposition and, moreover, if g σ = σ for a cell σ, then g |σ = id. The set C n of n-cells is a finite G-set.
One has the following formula for the equivariant Euler characteristic χ G (X) (which in particular shows that it does not depend on the cell decomposition). For a conjugacy class h ∈ consub(G) of subgroups of the group G, let X h := {x ∈ X : G x ∈ h}, where G x := {g ∈ G : g · x = x} is the isotropy group of the point x. Then one has
where H is a representative of the conjugacy class h. Remark. Here the Euler characteristic χ(·) is the additive one, i.e. the alternative sum of ranks of the cohomology groups with compact support. The natural homomorphism from the Grothendieck ring K 0 (f.G-s.) to the ring R(G) of virtual representations of the group G sends the equivariant Euler characteristic χ G (X) to the one defined by Wall in [7] . Moreover, since this homomorphism is, generally speaking, not injective, the equivariant Euler characteristic as an element in K 0 (f.G-s.) is a somewhat finer invariant than the one as an element of the ring R(G).
Equivariant Lefschetz number and an equivariant zeta function of a map
A concept of the equivariant Lefschetz number or class was introduced in [6] (see also [3] ). The equivariant Lefschetz number can be defined for a G-invariant map ϕ from a finite G-CW -complex X to itself and also for an equivariant map ϕ from a pair (X, Y ) of finite G-CW -complexes to itself. In the last case the definition takes into account a G-equivariant chain complex of the pair (X, Y ) and the action of the map ϕ * on it. The latter means that the equivariant Lefschetz number can be defined also for a G-equivariant proper map from the space X \ Y (which is not a finite CW -complex) to itself (by considering the one-point compactification of X \ Y ).
The equivariant Lefschetz number Λ G (ϕ) of a G-map ϕ : X → X is an element of the Grothendieck ring K 0 (f.G-s.) of finite G-sets. If X is a Gmanifold, the equivariant Lefschetz number counts fixed points of a generic G-equivariant perturbation of the map ϕ (which is a union of G-orbits) with appropiate signs.
We shall essentially use the following properties of the equivariant Lefschetz number:
1. Under the natural homomorphism from the Grothendieck ring K 0 (f.G-s.)
to the ring Z of integers (the class of a G-set is sent to the number of points in it) the equivariant Lefschetz number of a G-equivariant map ϕ reduces to the usual Lefschetz number Λ(ϕ) of the map ϕ.
2.
Additivity. If Y is a closed G-subspace of X and a G-equivariant map ϕ : X → X preserves Y and X \ Y (i.e. it sends each of these spaces to itself) then
3. If a G-equivariant map ϕ : X → X has no fixed points then Λ G (ϕ) = 0.
5. If X = X h = {x ∈ X : G x ∈ h} for a conjugacy class h of subgroups of the group G, then
where Λ(ϕ) is the usual Lefschetz number of the map ϕ.
In the usual (non-equivariant, i.e. G = (e)) situation, the zeta function of a map ϕ : X → X is the rational function in the variable t which, as a series in t, is given by the formula
where s m are the numbers (in fact integers) defined by the formulae:
The degree deg ζ ϕ of the zeta function of the map ϕ (i.e. the degree of the numerator minus the degree of the denominator) is equal to the Euler characteristic of the variety X. This inspires the following definition: Definition: The equivariant zeta function of a G-equivariant map ϕ : X → X is the series ζ
where the virtual finite G-sets s G m ∈ K 0 (f.G-s.) are defined by the following recurrence formula:
and
Remark.
1. Generally speaking, coefficients of the series ζ G ϕ (t) do not belong to the Grothendieck ring K 0 (f.G-s.), i.e. this series may have "rational" coefficients. 4 The A'Campo type formula for the equivariant zeta function of the monodromy Let (V, 0) be a germ of a purely n-dimensional complex analytic variety with an action of the group G and let f : (V, 0) → (C, 0) be the germ of a Ginvariant analytic function such that Sing V ⊂ f −1 {0}. Let M f be the Milnor fibre of the germ f at the origin: M f = {x ∈ V : f (x) = ε, x ≤ δ } with 0 < |ε| ≪ δ small enough (for this definition we assume (V, 0) to be embedded in a certain affine space (C N , 0)). The group G acts on the Milnor fibre M f because the function germ f is G-invariant.
Let π : (X, D) → (V, 0) be a G-equivariant resolution of the germ f , i.e. a proper G-equivariant map from a G-manifold X to V such that π is an isomorphism outside the zero level set f −1 {0} of the function f and, in a neighbourhood of any point p of the total transform E 0 := π −1 (f −1 {0}) of the zero-level set f −1 {0} of the function f , there exists a local system of coordinates z 1 , . . . , z n (centred at the point p) in which one has f •π(z 1 , . . . , z n ) = z
, with non-negative integers m i , i = 1, . . . , n (this implies that the total transform E 0 of the zero level set f −1 {0} is a normal crossing divisor on X). Moreover, we assume that, for each point p ∈ E 0 , the irreducible components of E 0 are invariant with respect to the isotropy group G p of the point p.
Let S m , m ≥ 1, be the set of points p of the exceptional divisor D := π −1 {0} such that, in a neighbourhood of the point p, one has f •π(z 1 , . . . , z n ) = z m 1 . For p ∈ S m , let G p be the isotropy group of the point p: G p = {g ∈ G : gp = p}. The group G p acts on the smooth germ (X, p) preserving the exceptional divisor D locally given by z 1 = 0. This implies that, in a neighbourhood of the point p, one can suppose G p to act by linear transformations in coordinates z 1 , . . . , z n preserving "the normal slice" z 2 = . . . = z n = 0. This way one gets a linear representation of the group G p on this normal slice. Let G p be the kernel of this representation. One can see that G p / G p is a cyclic group the order of which divides m.
Let S m,H, b H , ( H ⊆ H), be the set of points p ∈ S m such that the pair (H, H) is conjugate to the pair (G p , G p ), i.e. for the same element g ∈ G one has G p = gHg −1 and G p = g Hg −1 .
Theorem. [S 3 /(e)] .
